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Symmetry restoration is usually understood as a renormalization group induced phenomenon. In 
this context, the issue of whether one-loop RG equations can be trusted in predicting symmetry 
restoration has recently been the subject of much debate. Here we advocate a more pragmatic 
point of view and expand the definition of symmetry restoration to encompass all situations where 
the physical properties have only a weak dependence upon an anisotropy in the bare couplings. 
Moreover we concentrate on universal properties, and so take a scaling limit where the physics is 
well described by a field theory. In this context, we find a large variety of models that exhibit, 
for all practical purposes, symmetry restoration: even if symmetry is not restored in a strict sense, 
physical properties are surprisingly insensitive to the remaining anisotropy. 

Although we have adopted an expanded notion of symmetry restoration, we nonetheless emphasize 
that the scaling limit also has implications for symmetry restoration as a renormalization group 
induced phenomenon. In all the models we considered, the scaling limit turns out to only permit 
bare couplings which are nearly isotropic and small. Then the one-loop beta-function should contain 
all the physics and higher loop orders can be neglected. We suggest that this feature generalizes to 
more complex models. We exhibit a large class of theories with current-current perturbations (of 
which the SO (8) model of interest in two-leg Hubbard ladders/armchair carbon nanotubes is one) 
where the one-loop beta-functions indicates symmetry restoration and so argue that these results 
can be trusted within the scaling limit. 
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I. INTRODUCTION: SYMMETRY 
RESTORATION 

Under the most prevalent definition, symmetry 
restoration occurs as a Hamiltonian is attracted under 
a renormalization group (RG) flow to a manifold pos- 
sessing a higher symmetry than indicated by the orig- 
inal bare or microscopic theory. A recent example in 
the literature of this phenomenon is found in the work 
of Lin et al. M . This work addresses the low energy be- 
haviour of a two-leg Hubbard ladder (or, equivalently, the 
armchair carbon nanotube). These authors argued that 
a Hamiltonian for these systems with 'generic' (short- 
range) interactions flow under an 1-loop RG towards the 
SO (8) Gross-Neveu model, or more specifically, the set of 
coupHngs {Xi} flow onto fixed ratios indicative of S0(8) 
Gross-Neveu. 

Two more examples of symmetry restoration as sug- 
gested by the 1-loop RG are provided by the anisotropic 
Kondo model and the U(l) Thirring model. The 
anisotropic Kondo model is described by the Hamilto- 
nian 

^ = /^^E-*4(^)a.c.(x) + i^4(0){5||<<,,s^ 

cr crcr' 

+g^«,,s-+aL,s^)}4,(0), (1.1) 

where Ca-{x) is a Fermi field of spin, a, while the U{1) 
Thirring model is given by the Lagrangian 



C = li^clud'^i^a + \g\\ Uz? + \9±{ij.? + Uv?), (1-2) 

where j° = ''PalfiT^p''Pf3, and -0 is a doublet of Dirac 
spinors. In both these models the 1-loop RG equations 
read. 



dg\\ 

dl 
dg± 

dl 



-cg\\g±, 



(1.3) 



where c is a model dependent constant n. Thus in the 
regions where the trajectories fiow to strong coupling, 
both models are attracted to the diagonal ^y = g± (the 
SU{2) invariant line): more precisely, the ratio |5_l/5||| 
converges to unity. The natural conclusion one derives 
from this feature is that the physics at large distances 
(large compared with the UV cut-off), or low energies, is 
well described by an isotropic model (usually an isotropic 
field theory). 

In drawing this conclusion, two immediate difficulties 
present themselves. There is the possibility that higher 
loop orders make the diagonal unstable in which case, of 



*In the conventions we chose in this paper, c > for the 
17(1) Thirring model and c < for the Kondo model. 



course, the symmetry restoration will not in fact occur. 
This possibility will not be relevant for the examples and 
discussion in the paper at hand, although, in general, 
it is a genuine concern. Even upon excluding this sce- 
nario, RG flows towards the diagonal do not necessarily 
indicate that symmetry restoration takes place. Indeed, 
in all the models of interest here, the interactions are 
of current-current form and the bare coupling constants 
are dimensionless. Therefore the physics does not have 
to depend merely on the ratios of these coupling con- 
stants; it might also depend on other combinations that 
do not flow under the RG. A case in point is precisely 
the U{1) Thirring model. In this model, there is a quan- 
tity /i (/i^ — 5n — 5^ at lowest order) that is an RG 
invariant, and on which physical quantities do depend in 
a non-trivial way. Therefore, if initially ^y 7^ g±, sym- 
metry restoration as defined above does not ever occur. 
Another example is provided by the anisotropic Kondo 
model. Although the physics of the fixed point of this 
model is isotropic, the physics of the approach to this 
same fixed point is not and depends on the same RG 
invariant, fj,. (It governs the amplitudes but not the ex- 
ponents of the operators controlling the approach to the 
fixed point.) 

This observation in the case of the U(l) Thirring 
model is one of the main points of Ref. g]. It is fur- 
ther pointed out in this work that the dependence upon 
/i can nevertheless be different for different parameter 
regimes. In the cases of the C/(l) Thirring model, it 
is essentially polynomial in /i for the region termed AF 
(511 < 0, g± > 0, |.g||| < g± < tt — |.9|||), but exponential 
(exp(— csi/^)) in the region termed C {n/2 > g± > 0, 
g± > \g\\\)- In the latter case therefore, the dependence 
on fj, is weak, and so symmetry is, in practice, certainly 
restored. The authors of Q then carry on to conclude 
that the one loop RG is not reliable, as symmetry restora- 
tion does sometimes in fact occur (in region C), while 
sometimes it does not (region AF). 

It is here we come to the crux of this work. As in 
0, we consider an alternative definition of symmetry 
restoration to include all situations where the low en- 
ergy behaviour of the theory has only a weak dependence 
upon the bare anisotropy. To be clear, we now have two 
definitions of symmetry restoration in play: 



1. Symmetry restoration induced through the 
renormalization group. 

2. Symmetry restoration meaning a weak de- 
pendence of physical quantities on the bare 
anisotropy. 



We consider now the consequences of this second, ex- 
panded definition. In particular we consider the conse- 



quences of combining this definition with insisting upon a 
field theoretic description of the system. (For the systems 
discussed in this paper, these turn out to be relativistic 
field theories.) 

Field theoretic descriptions of condensed matter sys- 
tems are desirable both in that they provide a powerful 
set of tools and techniques by which the relevant physics 
can be extracted, and because they represent the physics 
that is universal in nature, i.e. that carries no depen- 
dence upon the microscopic details present in the actual 
system. In general, a field theoretical description requires 
the parameters of the model to be in a regime where the 
correlation length is much larger than UV cut-off (the 
'lattice spacing'). This regime is known as the scaling 
limit. The anisotropic models considered in this paper 
are such that they can be studied exactly in a range of 
parameters including, but by far exceeding, the regime 
where the theory is in the scaling limit. 

We will see for the systems considered in this paper 
that in order to achieve the scaling limit the bare pa- 
rameters must be such that the effects of the anisotropy 
are small. The considerations leading to this conclusion 
can be phrased in general terms as follows. We begin 
with some (possibly free) theory governed by an under- 
lying continuous symmetry, some simple Lie-group, G. 
Denote the corresponding Lagrangian, £g. We will then 
consider perturbations to Cg that, in general, break the 
symmetry, G, or in an alternative language, anisotropi- 
cally deform G. The perturbations will typically take the 
form. 



-'pert 



J2ko, 



(1.4) 



i=l 



where n is the number of generators of the group, G, and 
typically Oi is an operator associated with the i-th gen- 
erator. If Xi = Xj for every pair {i,j), the symmetry G 
is preserved, while for differing A^, G is broken. The ini- 
tial examples mooted in this paper (interacting Hubbard 
ladders, anisotropic Kondo model, and the U(l) Thirring 
model) all take this form. 

The question of when the theory appears relativistic 
is then rephrased: for what values of the couplings. A;, 
does the theory have a relativistic low energy sector? As 
we will see, this requires for the cases considered here a 
subset of the bare couplings, {Xj}, to be taken to 0, while 
the disjoint subset, {Afe}, is permitted to be finite. If it 
did remain finite, we would have the rather odd situation 
that 



Xk 
A, 



(1.5) 



i.e. the theory would have an "infinite bare anisotropy" 
(defined here by considering the ratios of the bare cou- 
pling constants). This is unphysical: no such ratios would 
be found in a physical system unless enforced by some 
symmetry. But the only possible symmetry, G, has by 



presumption been broken. In order to then remove this 
pathology we need to take Afc ^ as well. Now, in the 
large variety of cases we have considered, it turns out 
that the physical measures of the anisotropy in the rel- 
ativistic limit are determined not by the ratios of bare 
coupling constants, but by quantities which arc of 0(A) 
or higher. If all the couplings go to zero|^, it therefore fol- 
lows that the relativistic limit will be isotropic, even for 
arbitrary but finite ratios of these couplings. The lesson 
we learn is that if a model has a relativistic field theoretic 
description, the latter must be isotropic. Anisotropic rel- 
ativistic limits will occur only if one is willing to accept 
models with infinite bare anisotropy, a rather unphysical 
requirement. If we return to our definition of symmetry 
restoration, we thus see in taking the scaling limit, sym- 
metry is restored perfectly, i.e. there is no dependence 
on any bare anisotropy. 

This, of course, is true only when we apply the scaling 
limit in the strict sense. When we required {Xj} to be 
zero, we did so to ensure the theory looked relativistic 
at all possible energy scales. However this is needlessly 
restrictive. We are only interested in the theory at low 
energy scales and so are only interested in it looking rel- 
ativistic at these same scales. For example, in the Kondo 
model, all we would want is the theory to appear relativis- 
tic on scales less than some large multiple of the Kondo 
temperature, Tk- Or in the Thirring model, wc would 
only want the model to appear relativistic for scales less 
than some multiple of the fermion mass. With such a re- 
vised criterion, we find that instead of {Xj} being 0, they 
need only be small and finite. Consequently, the set of 
couplings, {Afc}, only need to be made small and finite in 
order for the ratios, ^, to take on reasonable (i.e. phys- 
ical) values. This then modifies the previous conclusion. 
Models that appear anisotropic and relativistic at low 
energies can exist even with finite bare anisotropy, pro- 
vided all couplings are small. However, the anisotropy 
relevant for determining physical properties is then ex- 
tremely small. This will be made clear in the examples 
that are found in Section II. 

The need to make the couplings all small in order to 
realize a physical field theoretic description greatly re- 
stricts the amount the low energy behaviour of the the- 
ory can deviate from its isotropic limit. Thus in taking 
the scaling limit we have achieved symmetry restoration 
under its expanded definition (definition 2). In the cases 
of U(l) Thirring and anisotropic Kondo (considered in 
detail in the next section together with several other ex- 
amples) we know that the RG invariant ^^ = g?, 
governs the effect of the anisotropy upon physical quan- 
tities (at least at sufficiently small energies). As g\\ and 
g± are both required to be small by the scaling limit, fi is 



9l 



small and so the possible anisotropy is correspondingly 
small. For U(l) Thirring, we thus find that symmetry 
restoration occurs in both the AF sector (unlike g| ) and 
the C sector of the theory. 

Although the two definitions 1 and 2 of symmetry 
restoration look distinct, they do share some commonal- 
ities. In both cases there is a concern for the low energy 
behaviour of the theory. And in certain circumstances, 
the taking of the scaling limit can be thought of as a 
crude running of the RG backward. In both the AF sec- 
tor of U(l) Thirring and anisotropic Kondo, running the 
RG backwards amounts to taking g± — > 0. This is pre- 
cisely what the scaling limit requires in both these cases 
Fj. This is not as paradoxical as it might at first seem (in- 
deed, a reverse RG seems to imply a focus upon the UV 
not the IR degrees of freedom in the theory) . In running 
the RG backwards, i.e. increasing rather than decreasing 
the UV cutoff, one removes any distortions the UV cutoff 
creates in the low energy sector of the theory. It precisely 
such distortions that render this sector non-relativistic. 

We again see a certain complementarity between the 
two definitions of symmetry restoration when we under- 
stand that the scaling limit implies a more favourable 
scenario for symmetry restoration as understood strictly 
as an RG induced phenomena. From the above argu- 
ment, we know that to even write down a field theoretic 
description, we require the couplings to all be small (all, 
so as to avoid an unphysically large anisotropy). Thus 
the bare theory is only weakly anisotropic. As such, we 
expect, with certain caveats^ an 1-loop RG predicting an 
enhanced symmetry to be trustworthy: the theory, be- 
cause it is already close to being isotropic, will flow onto 
the manifold of higher symmetry while the 1-loop de- 
scription is still valid. 

We have already seen one of these caveats in operation 
in the case of C/(l) Thirring. Here the fact that physi- 
cal quantities depend upon the RG invariant, /i, means 
the indicated symmetry restoration does not actually oc- 
cur. We, however, conjecture this is something particular 
to C/(l) Thirring. The U(l) Thirring model possesses a 
q-deformed quantum group symmetry, sl{2) ^. The 
parameter, q, describing the symmetry is a function of 
the parameter, ^, and so does not change under the RG. 
We thus conjecture that the lack of symmetry restoration 
is a reflection of the presence of the sl{2) symmetry. We 

will argue (Section IV), however, that if such a sl{2) is 
explicitly broken through breaking additionally the C/(l) 
symmetry, an increase in the symmetry of the problem 



^It is not however a free theory - taking this limit is not the 
same as setting the couplings to zero. 



** However running the RG backwards does not always 
mimic the results of the scaling limit. In sector C of U(l) 
Thirring, the backwards RG flows to a UV flxed point dif- 
ferent from the point to which the 'flow' of the scaling limit 
takes one (see the next section). 



does occur, [t] 

A second caveat appears when the RG flow is governed 
by an anisotropic (IR) fixed point. Indeed, here the two 
definitions of symmetry restoration do differ in the role 
assigned to the fixed point of the theory. 

The sine qua non of symmetry restoration as an RG- 
induced phenomena lies in the nature of the fixed point. 
If we have an anisotropic IR fixed point, we have no ex- 
pectation that symmetry restoration according to defi- 
nition 1 will occur. However it may well occur in cer- 
tain special cases using our expanded definition 2 of 
symmetry restoration. This occurs for instance in the 
context of the deformed 0(3) sigma model (the sausage 
model) with topological term 6 = tt, which has a line of 
fixed points. Here the RG equations promise symmetry 
restoration. However we know that the particular point 
on the fixed line to which the theory fiows is determined 
by the amount of anisotropy in the theory. Therefore, 
symmetry restoration according to definition 1 does not 
occur. However physical quantities depend only weakly 
(continuously) on the anisotropy, at least when it is small, 
so that symmetry is restored according to definition 2. A 
similar situation occurs in the spin-exchange anisotropic 
s = 1, 1-channel Kondo model, as discussed in the con- 
cluding section. 

If the fixed point is isotropic however, we allow for 
the possibility of symmetry restoration under the RG. 
This possibility is realized if the isotropic fixed point is 
massless as it is then non-trivial and so determines a set 
of physical quantities. This is the situation found in the 
anisotropic s = 1/2, 1-channel Kondo model. However 
if the fixed point is massive and so trivial, we cannot 
say with certainty if symmetry restoration under the RG 
is realized. With massive flows, it is the approach to 
the fixed point that matters, controlled by the nature of 
the massive excitations, and it is not possible in general 
to characterize this approach. We do know through the 
example of U(l) Thirring that a massive symmetric fixed 
point does not guarantee symmetry restoration under the 
RG. 

However if we define symmetry restoration merely as 
a weak dependence upon the bare couplings in the low 
energy sector, the fixed point need not play an impor- 
tant role. In both the U(l) Thirring and the anisotropic 
Kondo model we have symmetry restoration so defined 
regardless of the nature of the fixed point. Indeed we 
need not even have an isotropic fixed point (massless or 
massive) in order to have symmetry restoration. One 
can easily imagine a scenario in which the fixed point is 
anisotropic but the scaling limit restricts the anisotropy 



^^We can argue much the same for the low energy sector 
of anisotropic Kondo. However because the IR fixed point is 
massless, with the anisotropy being irrelevant, this example 
is not as compelling. 



to be weak with a consequent weak dependence of any 
physical quantity upon the anisotropy. 

The outline of the paper is as follows. In Section II, 
we consider a series of examples illustrating how the scal- 
ing limit induces symmetry restoration (in our expanded 
sense). These include the anisotropic Kondo model, the 
U(l) Thirring model, a multi-species version of the U(l) 
Thirring model, the anisotropic principal chiral model, 
and the deformed 0(3) sigma model with 9 = 0. All 
of these models possess isotropic fixed points. To ex- 
plore whether symmetry restoration occurs when the 
fixed point is anisotropic, we also consider in the conclud- 
ing section the spin s > 1/2 anisotropic, 1-channel Kondo 
model together with the deformed 0(3) sigma model with 

9 = TT. 

As we indicated, the scaling limit, in providing weak, 
bare couplings, promises a more favourable environment 
for RG-induced symmetry restoration. To exploit this 
conclusion, we consider in Section HI a set of theories 
based upon all possible simple groups (the analysis does 
not extend to semi-simple groups). In doing this we 
extend the results of Lin et al. M. We will show that 
the 1-loop beta functions for such theories all imply an 
enhancement in the symmetry. Given the constraints 
the scaling limit places upon the bare couplings, we ar- 
gue that this enhancement should be realized in physical 
models with small enough bare couplings to admit a field 
theoretic description. 

Finally in Section IV, we return to the model that 
lies at the heart of much of the discussion surrounding 
the reliability of 1-loop RG equations, the U(l) Thirring 
model. Specifically we discuss the possibility that sym- 
metry restoration in the RG sense might take place in 
non-integrable variants of the U(l) Thirring model. We 
have conjectured the U(l) Thirring model does not expe- 
rience symmetry restoration under the RG flow because 
of the presence of a sl{2)q symmetry. If this symmetry is 
then explicitly broken, an RG induced restoration should 
be possible. And indeed we find it is, although we demon- 
strate in the course of the discussion that the matter is 
a delicate one. 



II. INTERPLAY OF SCALING LIMIT AND 
SYMMETRY RESTORATION 

A. The Kondo model 

We start with the anisotropic Kondo Hamiltonian after 
bosonization: is the right moving spin field, the charge 
field having totally decoupled. After standard manipula- 
tions (see e.g. Q]), the Hamiltonian reads 



H = Hn 



g± 

iira 



,+ pi%/870(O) 



s e 



/87r0(O) 



/27r 



s'd^(t>{0). 



(2.1) 



Here, s^ are spin 1/2 generators, g±,g\\ the bare Kondo 
couplings. In evaluating the propagators, we have used 
((/)(x)(/>(j/)) = — i^log^^, and thus have adopted con- 
densed matter conventions where the cut-off is left ex- 
plicitly in the Haniiltonian and the propagator. The bulk 
Hamiltonian is Hq = vf J dx \d(l){x)] . 

The quickest way to analyze (PJ) is to perform a 

¥(0) 



exp i—^ 



canonical transformation with U ^..^ . 

Vp\/2-K 

in order to eliminate the Sz term. The resulting Hamil- 
tonian then reads 



H 



Anxa 



s+e»/3*(o) -K s~ 



1/30(0) 



(2.2) 



where (5 = vStt \^. In the following, we set vp = ^- 

Let us now consider g\\ in (2.2) as a parameter, and set 

^ = X <\. Here, x is the scaling dimension of the ex- 
ponential operators in ( p.2| ). The problem described by 
(2.2) will exhibit screening, and by dimensional analysis, 
the Kondo temperature (the temperature that sets the 
scale by which the model crosses over from high temper- 

ature to low temperature behaviour) is Tk oc ^ ((7_l) ^^"^ 
where again a is the UV cutoff. To make the spectrum 
of this theory purely relativistic we need to take the field 
theory - also called scaling - limit, a — > 0. At the same 
time, since we need to keep an observably finite Tj^ , it is 
necessary to also take g_L ^ 0. ^ 

It is useful to stress h ere t hat the canonical transforma- 
tion used in going from (2.1 ) to (|2.2D is valid in the scaling 



limit only. In this limit, the somewhat different aspects 
of the SU{2) Kondo Hamiltonian are readily explained 
by the foregoing points: in (2.1), the isotropic theory has 
511 = 5J-: while in (pT^), it is described hy f3 — VStt, that 
is, S(|| — 0. However, as one requires gj_ -^ 0, these two 
points of view are completely equivalent. 

In the scaling limit, the Kondo problem becomes de- 
scribable by an integrable massless field theory. The bulk 
excitations have dispersion relations p = e = Me^ , with 
9 the rapidity, M an energy like parameter which has 
no physical significance since the bulk theory is massless. 
They have a factorized scattering described by a solu- 
tion of the Yang-Baxter and bootstrap equations. Among 
these excitations, the most important are the kink and 
antikink. Physical properties depend only on the ra- 
tio T/Tk, where T is the physical temperature. The 
kinks/antikinks scatter off the Kondo impurity with an 



** Strictly speaking we are not interested in taking a ^ 
so much as making the ratio, Tk/{l/a) small, that is keeping 
the energy scale in the problem governing the physics small 
compared to the bandwidth. Only in doing so do we expect 
to find a relativistic theory free of distortions from the band- 
width of the theory. However one achieves the same effect 
by taking a — > while insisting the energy scale Tk remains 
finite. 



amplitude described by i? = — itanh (- 
Tk = Me^ 



where 



2 4 

(here we see that changes in the mass scale 
M can be readily absorbed in a shift of the rapidities). 
They also scatter among one another, their scattering be- 
ing determined by a six vertex like solution of the Yang- 
Baxter equation. This solution, in turn, has a quantum 
affine algebra symmetry sl(2) (we follow here the con- 
ventions of ||3||, for which g = — 1 is the isotropic limit), 
where in this case q = e^~ . For small values of gy, 
q^ -e*Sii/2 

To summarize, the Kondo anisotropic field theory is 
obtained as (7j_ — > 0, and it is fully characterized by the 
value of a: < 1, that is the value of gy. We thus come to 
the conclusion as stated in the introduction: 

To observe a finite anisotropy in the field theory (x ^ 1), 
one needs to have an infinite anisotropy in the hare theory 
A = 5y/5_L — > cx) as a ^ 0. 

We also note that if we maintain a finite anisotropy in 
taking the scaling limit, that is, A = g\\/gi. = constant 
(and g\\ > 0) as (?j^ — > while a ^ 0, the model will 
be described by the same isotropic SU{2) Kondo field 
(scattering) theory. 

The foregoing discussion avoided the issue of regular- 
ization, about which we would like to comment now. 
When gy is large enough, i.e. /3 < \/47r, no further 
renormalization is needed besides the usual normal or- 
dering for vertex operators (implicit in all our notations). 
When V47r < (3 < x/Stt, an extra subtraction is neces- 
sary, since divergences appear in the computation of the 
impurity free energy (in complete analogy with the bulk 
sine-Gordon model). Our conclusions then apply to the 
universal part of the physical properties of interest. 

Regularization issues are most cleanly controlled in the 
framework of the exact solution of the Kondo model [p| , 
for which we now would like to recast our arguments. 
The Hamiltonian is as in (1.1). In order to do so we 
first need to consider the excitations in this theory. It is 
well understood that the lowest energy spin and charge 
excitations in the model are decoupled with the charge 
excitations completely trivial (as is to be expected given 
the bosonization of the problem). We thus focus on the 
spin excitations. At T = 0, their energy, e(A), and mo- 
mentum, p{X), f^ are given by 



e(A) 



N 
dX'e{X')dye2{X' - A) - -(0i(A) + tt), 



(2.3) 



and 



^^Here A is a rapidity and is not to be confused with the 
coupling constants discussed in the introduction. 



/■ A'' 

p{\) = - d\'piX')dx'92iX' - A) + -0i(A), (2.4) 



where 



i(A) = 2tan"^[tanh(^A)cot(n^/2)]. 



(2.5) 



N is the number of particles in the system, and L is the 
length of the system. Here Q represents the interval of 
the spectral parameter, A, (or, more intuitively, the spin 
rapidity) over which (spin) excitations are present in the 
ground state. The parameter, /i, together with another 
parameter, /, serve to characterize the anisotropy in the 
system. As functions of g± and gn they are given by 



(coth/)2 = 



sm 



(f) 



and 



sm 



COS/i 



(a^ j sin (^^) 



cos(g||/2) 
cos(.g_L/2) ' 



(2.6) 



(2.7) 



Isotropy is reached by taking /i, / — + with ///i = 
constant. We restrict ourselves to the region where 
TT — (7_L > (7|| > 5(_L > such that /i is a real parame- 
ter. Finally, we can express the Kondo temperature in 
terms of the anisotropy: 



Tk = e I- , 



(2.8) 



where Ep is the Fermi energy (proportional to the inverse 
of the UV cutoff) of the theory. 

In taking the scaling limit, we need to ensure the low 
energy excitations look relativistic. We see that the 
above integral equations reduce to 



e(A) =c-_p(A), 



(2.9) 



that is, the energy-momentum already obey a relativistic 
dispersion relation. However we still need to ensure the 
energy scale in the system, Tk, is far below the band- 
width. Thus we need to take Tk/Ep — > in order 
to achieve the scaling limit. For finite fi this requires 
/ — > oo. In that limit, the foregoing equations simplify 
and one finds: 



-/ 



^cot^ 
4 cot 2 , 



M~ 2 ■ 



(2.10) 



The same qualitative conclusions therefore hold; that 
is, to have a finite anisotropy in the scaling limit, one 
needs to send g± to zero, while gn remains finite, hence 

giving rise to an infinite bare anisotropy. One also 

1 — 1 1 

checks that Tk (x ^(^.l)^' cx ^(5j_)^""=. If instead we 

have a finite anisotropy, i.e. let gy and g± both go to 

zero while g\\/g± — > 7, 7 a finite number, we get that 

coth / — > — J3J, while /i — > 0, corresponding to an 
isotropic field theory whatever the value of 7. In that 



limit, one has Tk (x -e *» cx ^e "^ , a well known re- 
suit for the isotropic Kondo model. The exact solution 
thus fully confirms the foregoing field theoretic analysis. 
Now, as we indicated in the introduction, enforcing the 
scaling limit strictly is unnecessary from the condensed 
matter point of view. All we require is that the low en- 
ergy excitations in the theory appear relativistic. Re- 
turning then to the exact solution of the Kondo model, 
instead of Tk/Ep -^ 0, we require that 



Ep - A 



(2.11) 



where A is some large number. In terms of the parame- 
ters / and /x, this translates into the condition. 



- > -log — . 

/i TT TT 



(2.12) 



With this condition it no longer is necessary to have 
g±^ -^ 0. Rather, a region of parameter space of finite 
area satisfies the above constraint. We have plotted this 
region in Figure 1 iai A — 50 (that is, the theory is rela- 
tivistic for scales up to ^OTk)- 

We observe that the region in Figure 1 is restricted to 
less than one-half of the possible parameter space. If we 
insist that g\\ > g± > 511 /2 (what we may call a maximal 
'reasonable' value for the ratio of couplings) , the region of 
parameter space is restricted to the gray shaded region 
between the two lines. We thus see that any physical 
realization of the Kondo model with a scaling limit will 
not be far from the isotropic ray g|| — g± . 

Yet the fraction of parameter space is still appreciable. 
In part this is an artifact of the initial data of the analysis 
of the Kondo model [|| : this analysis begins with a linear 
spectrum, and as there are no bulk interactions in this 
model, the spectrum remains linear as evinced in ( p.S| ). 
It is possible to consider a version of the Kondo model 
that is equipped with band structure. One can do this 
straightforwardly by analyzing a lattice system with a 
Kondo impurity so that the initial bulk electron spectrum 
obeys a dispersion relation of the form, e(fc) = —2t cos(fc). 
Or one can do this more abstractly by turning to an inte- 
grable lattice regularization of the Kondo spin dynamics 
H. The latter follows from a general construction, where 
one introduces a line of spectral parameter defects in an 
otherwise homogeneous 6- vertex model B. The equa- 
tions that arise from this latter construction have a form 
similar to those of g, except for the fact that the bare 
energy, instead of being given by e cx 0i(A), now has the 
form e cx -jt-0i(A). The introduction of this curvature 
shrinks the scaling region considerably, leading to results 
similar to those of the f/(l) Thirring model to be dis- 
cussed next where the bulk perturbation of this system 
also yields a non-linear dispersion relation. 
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FIG. 2. Behaviour of the magnetic susceptibihty as a 
function of the anisotropy for small magnetic field, i.e. 
H < Th- From bottom to top, the plots correspond to 

1(511, 3x) = (1, 1), (6/5, 4/5), (7/5,3/5), (8/5,2/5), (9/5, 1/5), 
and (2,0). 



FIG. 1. The portion of parameter space where the Kondo 
model is well described by a field theory. The lower triangle 
marks out the total region of considered parameter space (a 
quarter of the total). The shaded region marks the area where 
the theory is relativistic while the more lightly shaded subarea 
is characterized by gx > 5||/2. 

Given the available parameter space in Figure 1, we 
can now ask how the physics of the problem varies as we 
vary the anisotropy. With this in mind we consider the 
impurity susceptibility, x{H), as a function of magnetic 
field. From |5[|, we know it is given by 

1 °° (—^\^n 
X{H < Th) = -^ y L_!^e(2"+i)--(A.)x 

.g.2n+i r(i + ^(n+i)) 

^Th' r(l + (J-l)(n+i))' 



xiH > Th) 



M 



E 



1 



7r5/2 ^ (n^lV. 

n—1 ^ 



sin(^n)x 



Z TT TT IH 



where 



■('"^i'-0-9-i'-(;-0> 



(2.13) 



(2.14) 



2/i V TT/ ZTT \/i 

and Th is related to the Kondo temperature, Tk, via 

r(i 



Th = 2^ 



r(i/2 + ^) 



^■Ka{jl)rp 



K- 



(2.15) 



For small fields, x(^) ^ I'k ■ We thus scale out this 
factor and plot x{H)Tk as a function of H/Tk in Figures 
2 and 3 for different pairs of {g\\,g±^. The points chosen 
fall equidistantly on a line connecting gy — g^_ = 7r/5 
with g\\ — 27r/5,5j^ = 0. (This line is marked on Figure 
1). We see that the appropriately scaled x varies only 
slightly when the isotropy of the model is deformed, even 
if the deformation is strong. 




FIG. 3. Behaviour of the magnetic susceptibility as a 
function of the anisotropy for large magnetic field, i.e. 
H > Th- From bottom to top, the plots correspond to 

|(SH,5x) = (1, 1), (6/5, 4/5), (7/5,3/5), (8/5,2/5), (9/5, 1/5), 
and (2,0). 

It is unsurprising that the low field susceptibility in Fig- 
ure 2 varies only a little given the anisotropic Kondo 
model shares the same fixed point as its isotropic coun- 
terpart. One can see the curves collapse upon one an- 
other as iJ ^ indicative of the flow to this same IR 
fixed point. However the variation is also small for the 



high field case in Figure 3 where one ostensibly expects 
to be far from the fixed point. 

To conclude, we see that the scaling limit has drastic 
consequences for how isotropic a theory is. In order for a 
system with given bare coupling constants and finite bare 
anisotropy, to be reasonably described by the Kondo field 
theory, it must be only weakly anisotropic. The variation 
of the physical quantities over the allowed anisotropy is 
correspondingly small. Excluding the possibility of ex- 
traordinarily (i.e. unphysically) strong anisotropy in the 
bare coupling constants, the scaling limit thus enforces a 
strong restoration of symmetry in its expanded sense. 



B. The U(l) Thirring Model 



a strongly coupled fixed point. In the AF sector (at 
weak coupling) the model maps onto the sine-Gordon 
theory. The sine-Gordon theory can be thought of as 
an anisotropic current-current perturbation of a free bo- 
son theory. Thus the U(l) Thirring model in the AF 
sector bares some resemblance to the anisotropic Kondo 
model, itself representable as a free boson perturbed by 
an anisotropic current-spin interaction. 

In the final sector, W, the weak coupling sector, the 
jj perturbation is irrelevant and the theory can be de- 
scribed pcrturbatively. In this sector, the excitations are 
all massless. As we are ultimately interested in looking 
at theories with flows implying symmetry restoration, we 
will focus on regions AF and C. 



We now move on to consider the U(l) Thirring model 
where an analogous series of conclusions to those of the 
Kondo model will be drawn. In fact, this model is essen- 
tially a bulk version of the anisotropic Kondo model of 
the previous section. 

Jt/2 |§j_ 
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FIG. 4. The phase diagram of the U(l) Thirring model. 

Marked are three regions of primary interest: AF, C, and W. 

The U(l) Thirring model is described by the La- 



grangian 



1 



+ ^91- [{]xf 4 



ih?] 



(2.16) 



where j^ = i'altiT^isi'p and V is a doublet of Dirac 
spinors. This model was completely solved by algebraic 
Bcthe ansatz m. 

There, in accordance with earlier perturbative work, 
it was established that according to the values of the 
couplings g_L and g^\ , the model exhibits different in- 
frared behaviour. The phase diagram, pictured in Figure 
4, divides into three sectors of interest. In sectors AF 
(asymptotic freedom) and C (crossover), a strong cou- 
pling regime appears and there is dynamical mass gen- 
eration. The flows in both these sectors are towards a 
stable IR fixed point (located at {g\\,g±) ~ (— 7r/2,7r/2) 
in Fig. 4). 

The two sectors AF and C are distinguished by their 
behaviour in the UV: in the AF region the theory is 
asymptotically free while the UV flow in region C is to 



1. AF Region 

We start with the AF region. As with the Kondo 
model, the excitations divide into decoupled spin and 
charge sectors, with the charge sector trivial. The spin 
excitations, at least in the regime that will be of interest, 
are given from the following integral equations: 



B 



H 



e(A) + J^ R{X - X')e{\')dX' = ■^^^_^^ 

.B 

p{\)+ RiX-\')piX')d\' = -poiX), 

J-B 



eo(A), 



(2.17) 



where eo(A) and po{X) are 



eo(A) = ^tan^i 



Po(A) = %tan- 



cosh(-^) 



sinh(.^) 



Mif) 



(2.18) 



Here Ac is proportional to the bandwidth and / and fj, 
are related to the bare parameters of the model , g± and 
ffii , i n a near identical fashion to the relations (2^) and 



coth^ if) 
cos(/i) 



sin^(ffl| 



sin(.g|| +g±)sm{gii - g±) 
cos (.9 1 1 ) 



cos{g±)' 



(2.19) 



H is the magnetic field in the problem, and R{X), the 
kernel of the integral equations, is given by 



Ztt 



sinh((^ - 2)^) 



2 cosh(iu) sinh (- - 1) 



(2.20) 



The limit, i?, the Fermi rapidity, in the integral equation 
is such that 



e(A) > for |A| < B. 



(2.21) 



When ff = 0, e(A) < and B = 0. In this case the 
ground state of the system is filled with states for all 
A. Elementary excitations are obtained by creating holes 
with energy-momentum (eo(A),po(A)) in this filled sea. 

We must consider values of the parameters (|5_l| < 
Igyl < TT — \g±\) such that / and /i are real. To make 
the spectrum relativistic, we need to again take the scal- 
ing limit. If we hold fi finite, that is, maintain a finite 
anisotropy even in the scaling limit, we require f ^ oo. 
This, as before, requires g± -^ 0, and thus a ratio of 
bare coupling constants g\\/g± — > oo, i.e. an infinite 
bare anisotropy. Meanwhile, if we keep a finite bare 
anisotropy, both bare couplings have to go to zero in the 
scaling limit, in which case / remains finite while /i ^ 0, 
i.e. the field theory is isotropic. These conclusions are 
exactly the same as the ones obtained in the Kondo case. 



correction terms < — - , 

A 



(2.23) 



for all A such that e(A) < Cm, that is the spectrum 
appears relativistic to one part in A up to scales oiC xm. 
Imposing the constraints leads to the condition 



/I AC^A 
- > -log(^-— . 

^ IT 3 



(2.24) 



In Figure 5 the shaded region marks the values ((7||,(7_l) 
permitted by the above relationship for A = C = 50. 
Unlike Figure 1 describing the allowed parameter space 
for the Kondo model, the region in Figure 5 is far smaller. 
This is a consequence of the exact expressions for energy- 
momentum not being relativistic from the start. The 
need to make the correction terms small leads to the large 
reduction in allowed parameter space. Because of the log 
dependence in the above constraint, changing A and C 
does not drastically affect the allowed region of parameter 
space. 



AF Scaling Region 





FIG. 6. The dependence of the susceptibility in the AF 
region upon the anisotropy. From bottom to top, the plots 
correspond to six equally spaced values of {g\\,gi_) along the 
line (-.2,2.) to (-.4,0). 



FIG. 5. Region in the (AF) portion of parameter space 
where the U(l) Thirring model is well described by a field 
theory. The lower triangle marks the total region of parame- 
ter space considered while the shaded region marks the por- 
tion where the theory is relativistic. The more lightly shaded 
subregion is given by the condition that g± > |g|||/2. 

However as before, we do not need to take a strict 
scaling limit. With f / jjl ^ 1 and H = 0, the above 
dispersion relation becomes 



e(A) = mcosh(^)(l + correction terms); 
p{X) — msinh(^)(l -|- correction terms). 



(2.22) 



where m = AcC ^^/^t^. 
require instead that 



In relaxing the scaling limit, we 



Again we ask how the magnetic susceptibility x de- 
pends upon the anisotropy. The magnetic susceptibility 
in the AF sector can be given in terms of the energy: 



xiH) = -dlE{H), 



(2.25) 



where E{H) is the ground state energy per unit length 
as a function of H: 

A r^ 

E{H) - E{Q) = -^ j dAe(A)po(A), (2.26) 

where po is the bare density of states whose low energy 
behaviour (valid whenever ( |2.22| ) holds) is governed by 
Pq — (to/2Ac) cosh(7rA/2). For small H, the integral 
equation for e(A) can be solved iteratively with the result 



X{H) 



1 



1 



25/2^(l_^/7r)2 1^^ H, 



(^_^)-V2 



where R refers to the kernel in ( ^.17|) and 
He ^ 2to(1 - fi/ir). 



(2.27) 



(2.28) 



In Figure 6 we plot x{H) for different values of g±^ and 
g\\ ranging from g±^ = —g\\ = .2 along a straight line to 
g±^ = 0, —.911 — 0.4 (shown in Figure 5). We see the plots 
as a function of H/Hc fall nearly on top of one another. 
Thus in the region where a field theoretic description is 
possible, the allowed anisotropy does not lead to drastic 
variations in the physics. 



2. Region C 



ttA 

e(A) — — AcTT + mcosh( — ) x (1 



correction terms), 
(2.32) 



where m = Acexp(— 7r|/i|/2/ii). In this case some of 
the correction terms are of C'(exp(— 7r^//ii)). Thus in 
order to take the true scaling limit here (i.e. take the 
correction terms to zero), we ne ed to take /ii — > 0. In 
the process, we see from ( ^.29 ) that both gy and gj^ 
have to go to zero, while their ratio can be an arbitrary 
number. In this region of coupling constants therefore, 
the continuum limit, when it exists, is always isotropic. 
This is not so different that the results encountered in 
the AF region of parameter space. In region C the ratio 
of couplings, Igyl < \g±\, is always finite. In region AF 
the finiteness of this ratio leads to an isotropic scaling 
limit. 



We now consider sector C. For the regio n j^n | < \g±\ < 
it/2, the same relations as found in ( 2.191 ) hold, but here 
the couplings fi and / are purely imaginary. We thus set 
/ii — —ifi and /i — if with the result 



cot2(/i) = 
cosh(/ii 



sin^(3||) 



sin(.g|| +g_L)sin(5|| - g±)' 
cos(5|| ) 



cos{g±)' 



(2.29) 



In this sector the spin excitations are described by analo- 
gous integral equations as those for the AF sector ( p. 17 ) 
but with eg and po replaced by 



po{x)-^EZ-c 



tan 



tan 



^'"^H^) 



sh(f(A-2^)) 



(2.30) 



and R, the kernel, now given by 



Ml 

1 f°° , cos(wA) 
- / duj- 



m 



2a) 



(2.31) 



Again when H — 0, the energy-momentum of the exci- 
tations is simply {eo{X),po{X)). Note that R{X) is the 
isotropic limit of the kernel R in the AF sector. Thus 
the sum forming R here represents the isotropic limit 
(n = 0) plus what will turn out to be exponentially small 
corrections (n 7^ 0). Because the structure of these ex- 
pressions for the energy-momentum is considerably more 
complicated, we need to break down the analysis into two 
cases: —tt/2 < /i < and < /i < 7r/2. We will always 
assume /i is such that exp(— 7r^/2/i) ^ 1. 

In the case, — 7r/2 < /i < 0, the lowest energy excita- 
tions correspond to those for A '--^ 0. Expanding about 
this point, e(A) becomes 
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FIG. 7. The portion of region C where the U(l) Thirring 
model is well described by a field theory. The lower trian- 
gle marks out the total considered parameter region while 
the shaded region is where the theory is relativistic. The 
more lightly shaded area meets the additional condition that 
g\] > 5x/2. 

In relaxing the scaling limit to insisting the correction 
terms are < 1/A for scales up to C x m, we instead find 
that the following two conditions need to be satisfied: 



AC^A 



/i ^ 1, 

— > - log „ 

/il TT 3 

(^-^>ilogA 



(2.33) 
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The region of parameter space satisfying these conditions 
for ^ = C = 50 is a portion of the shaded region in Figure 
7. 

In the case < /i < 7r/2, the lowest energy excitations 
occur nearest A ^ ±n/fii. Near these points, e(A) takes 
the form 

e(± A) = 771 cosh I — J (1 + correction terms), 

(2.34) 

with m = Acexp(2^^(7r — /i)). Again the correction 

terms are of C'(exp(— 7r^//ii)) and hence /xi ^- in the 
scahng hmit thus restoring isotropy. If we relax the scal- 
ing limit we find an analogous set of constraints as above: 

fll TT 3 

^>-logA. (2.35) 

Ml TT 

The region of parameter space satisfying these con- 
straints completes the shaded region in Figure 7. 

We see that the total permitted region is asymmetric 
under gy — > —g\\- This underlying asymmetry is reflected 
in the RG: the RG flows from an UV fixed point at neg- 
ative gy to an IR fixed point at positive gy . The scaling 
region is weighted towards a parameter regime away from 
the UV flxed point as it is in this regime that the low en- 
ergy sector of the theory is least distorted by the UV 
cutoff. Unlike the AF sector, a good part of the region 
meeting these constraints is such that g±/g\\ < 2 (the re- 
gion shaded gray in Figure 7), that is, the couplings here 
take on reasonable values. 



FIG. 8. The dependence of the susceptibility in the C re- 
gion upon the anisotropy. The plots correspond to six equally 
spaced values of {g\\,g±) along the line (.4, .4) to (0, .4). 

We again ask how the magnetic susceptibility varies 
over the permitted anisotropy. The susceptibility takes 
on a similar form to that in (^.27), 



X{H) 



1 






25/27r 



(2.36) 



but with He = 2m (its isotropic value) and R the kernel 
in (2.31). We note that the first term in the susceptibility 
has no dependence upon fi. To leading order, region C is 
thus identical to the isotropic model. In Figure 8 we plot 
how x{H) varies when the couplings are changed for six 
equally space points along the line from {g±^ — .4, gn = .4) 
to {g± — ■4,gy — 0) (plotted in Figure 7). We see there 
is no discernible variation in x from it s isot ropic value. 
This is a consequence of the kernel in (2.31). Terms for 
n 7^ correspond to exponentially small corrections to 
the isotropic limit. 



C. MultiFlavour Fermion Model 

In this section we consider a multiflavour fermion vari- 
ant of the U(l) Thirring model and show that the same 
conclusions hold. In particular, we demonstrate that the 
symmetry restoration is not affected by the number of 
fermion species in the theory. 

The action, involving 2,s + 1 fermion species, that we 
consider is, 



S 



2s+l 



a=l 



^a.i^.r'v:^xyt.rr^). (2.37) 



The interaction potential, V, is chosen such that the 
model is integrable. For s > 1/2, V has a complicated 
functional form. But in the scaling limit, the interaction 
takes on the simple form. 



V = juS^si + j^sisl, 



(2.38) 



where 5° are the generators of the spin-s representation 
oiSU{2). 



The fermionic model in (2.37) has been solved with 
Bethe ansatz [g]. The structure of the solution mimics 
that of U(l) Thirring in the AF region. Thus there are 
spin and charge excitations with the charge excitations 
trivial. The lowest energy excitations are given by 



-B 
B 



dX'RiX - A')p(A') 



e(A)+ / dA'i?(A-A')e(A') = 
p(A)- 

where 
i?(A) = 



H 



-eo(A); 



2(1 - 2sfi/n) 

-po(A), (2.39) 
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2^ 
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^ — iuiX 



(-1+ 

smh(nuj / fi) sinh(aj) 



2 cosh(w) smh.{uj{ir/fi — 2s)) sinh(2sw) 
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eo 



-tan 



Po — -T- tan 



r COSh(^) 

r Binh(^) 



(2.40) 



These equations are derived assuming 7r//i > 2s. They, 
as they should, reduce to those of the U(l) Thirring 
model in the AF region when s=l/2. fi and / are given 
in terms of the bare parameters Jj_ and J\\ as follows: 



Jii 



-2n 



J± — 4/ie 



-/ 



-sm{fis)- 



fis 



(2.41) 



These relations are valid in the limit of large /, a limit 
we would take in any case in enforcing the scaling limit. 



MultiFlavour Scaling Region, s= 4 
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FIG. 9. The portion of the region of the multiflavour 
fermion model that is well described by a field theory for s=4. 
The two diagonal lines delimit the region Jy > J±/2. The 
more lightl y sha ded area marks the intersection of the region 
satisfying (2.42) with the region given by 2J± > Jy > J±/2. 



/,From these relations, we again see that in order to 
maintain a finite anisotropy (/x ^ 0) while at the same 
time insisting that the spectrum be purely relativistic, we 
must take f —^ oo. Thus the scaling limit again requires 
Jj^ — > and thus an infinite bare anisotropy. To keep 
a finite bare anisotropy, we must take Jii —f simulta- 
neously. Hence /i — > and again we obtain an isotropic 
theory. 

As before, we now relax the strict scaling limit. With 
eo and po identical in form to the U(l) Thirring case, we 
see again that we must satisfy 



/I AC^A 
- > -log(^5— ), 



(2.42) 



where again we have demanded that the spectrum appear 
relativistic to one part in A up to scales of C x to, where 



the fermion mass scale is given by to ~ Ace~^^'^. The 
region of parameter space satisfying these constraints for 
s = 4 and A = C = 50 is plotted in Figure 9. We see 
that the allowed region of bare parameters with a 'phys- 
ical' anisotropy is small compared to the entire allowed 
parameter space. 

As with the U(l) Thirring model, we ask how the mag- 
netic susceptibility depends upon the anisotropy. Given 
the functional similarity of ( ^.4C ) with ( 2.17 ), the sus- 
ceptibility is given (almost) identically by (2.27): 



X{H) 
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H ~Hr 



25/27r (1 - 2s^/7r)2 p H. 

TT He 



-1/2 



where R is now the kernel in ( ^.40| ) and 
He = 2to(1-2s^). 



(2.43) 



(2.44) 



In Figure 10 we plot x{H) for values of the parameters 
lying along the small diagonal line shown in Figure 9. 
We see, as with the U(l) Thirring AF region, the var- 
ious plots lie essentially on top of one another. Again, 
the allowed 'physical' anisotropy does not lead to large 
variations in the physics. 




FIG. 10. The dependence of the susceptibility upon the 
anisotropy for s = 4. From bottom to top, the plots corre- 
spond to six equally spaced values of (Jy, J±_) along the line 

(-.2,2.) to (-.4,0). 



D. Anisotropic principal chiral model C/(l) x 517(2) 

A model closely related to the previous one is the 
anisotropic SU(2) principal chiral model (APCM), with 
the action 



•Sapcm = 



rfM;^(K)' + K)') + xK)'' 



Jii 



(2.45) 
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where g are matrices in the fundamental representation 
of SU(2). 



E. The 0(3) Sigma Model and the sausage model at 

61 = 



APCM Scaling Region 




FIG. 11. The portion of the region of the anisotropic prin- 
cipal chiral model that is well described by a field theory. The 
two lines mark the region characterized by the condition that 

J|| > J±/2. 

The APCM is intimately related to models of N 
fermions as A'^ — > 00 H. In particular, the multifermion 
model of the previous section was shown to be equivalent 
to the APCM when s ^ 00 provided fi ^ (as the Bethe 
ansatz solution is periodic in fis) while 7r//i — 2s is held 
constant. In this limit the bare parameters of the APCM 
model, J± and Ju , are given in terms of the parameters 
fi and / by 



J|| 



-2fi 

— ttS ■' ■ 



(2.46) 



Given the form of these equations, all the conclusions 
regarding the scaling limit of the multiflavour fermion 
model hold. In particular, we imagine holding s large 
and fi small but both finite. Then for the spectrum of 
excitations to be purely relativistic, we must take the 
limit / — !■ 00 thus implying Jj^ — + 0. To then avoid an 
infinite bare anisotropy, we have Jy — *■ and we end up 
with an isotropic theory. If we relax the scaling limit 
to the same degree done for the multiflavour model, we 
again find a finite region of parameter space adm itting 
a relativistic sector. This region, determined by (2.42) 
with A = C = 50, is plotted in Figure 11. Unlike the 
multiflavour model for finite s, this region does not see a 
ratio, J±/J\\, of the bare parameters larger than 1/2. 



An amusing illustration of the interplay between 
anisotropy in the bare theory and in the scaling limit 
is provided by the so called sausage model |10|, an 
anisotropic deformation of the 0(3) sigma model. Set- 
ting (/)i0i — 1, the action of the usual 0(3) sigma model 
reads 



5 = ^ / {d.^rf , 



(2.47) 



where g is a running coupling constant given at 1-loop 

by 



9 = 



27r 

T' 



(2.' 



and t is the 'RG time'. In terms of the cutoff, t = In a, 
and so i — *■ — CXI in the limit when the cutoff is sent to 
zero. The S matrix describing this model has of course an 
0(3) symmetry. There exists, as usual, an anisotropic de- 
formation of this S matrix, which is characterized in llG] 
by a parameter v which in turn determines a quantum 
group parameter, q w — e^^ for small v. As argued in 
||10{ , the one loop action for this model then reads 



S 



1 



Mt) 



(fa 



2g 



(2.49) 



where g{t) = -^ coth 



^{to~t} 



This action also corresponds 



to a sigma model, but in this case the target space has 
the shape of a "sausage". In order for this action to 
reproduce the physics contained in the corresponding S- 
matrix, the authors of |10|] found it necessary to take 
t -^ —00 or equivalently, the cutoff, a, to 0. In this 
limit, the sausage becomes a very long cylinder of length 

L = -^^(^0 ^ t), and circumference, / — 2tt^/^. For any 
I' ^ 0, it thus follows that the asymptotic UV shape of 
the sausage as a ^ is infinitely elongated, i.e. L/l -^ 
00. Once again, a finite anisotropy, v j^ 0, in the scaling 
limit requires an infinite bare anisotropy. 

The sausage model in fact bears a close resemblance to 
the anisotropic Kondo and U{1) Thirring model. To see 
this, one writes the one loop action using stereographic 
coordinates 



S ■ 



d^i 



a[t) -h5(i)cosh2y 



(2.50) 



and shows that the standard RG equations for the metric 
pdl give rise to 



(2.51) 



da 


2tt 


db 

di ~ 


27r 
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with the invariant i/^ — a^ — b'^. We have not worked out 
in detail the physical properties of this model, but the 
similarity of the equations with those of the anisotropic 
Kondo and C/(l) Thirring model (with /^ identified with 
v) suggest that the qualitative results in sections A and 
B above will hold here as well. 



III. LESSONS FROM THE SCALING LIMIT: 

RESTORATION OF GENERAL SYMMETRIES 

THROUGH THE RG 

We now apply the lessons drawn in the previous 
section to a wider class of theories. Specifically, we 
consider current-current perturbations of Wess-Zumino- 
Witten (WZW) models together with a set of Kondo 
problems where the underlying symmetry is SU{2)i.. We 
show that the parameter spaces of these models pos- 
sess subspaces of higher symmetry to which the 1-loop 
RG flows. Given the scaling limit implies that one can 
only realize a field theory if the bare couplings are weak 
(unless one is ready to accept unphysically large bare 
anisotropics), we argue that these 1-loop flows are to be 
trusted, subject to certain caveats. To begin, we consider 
current-current perturbations of WZW models. 



A. Current-Current Perturbations of WZW models 

Here we consider a set of theories represented by 
current-current perturbations of WZW models based 
upon simple groups, G: 



'-' — '^WZW 






(3.1) 



where n is the dimension of the group. The 1-loop beta 
function of these theories has the form: 

—Tf — - 2^[.labc) gb9c, 



be 



(3.2) 

where fabc are the structure constants for G. *** Such 
/3-functions are predicated upon the second term of the 
current-current operator product expansion (OPE): 



Ja{x)Jb{v) 



1 



[x-yf 



{x-y) 



ifabcJciy), (3.3) 



where k is the level of the WZW model. The above /3- 
functions are level independent, a consequence of the sec- 
ond term not depending upon k. 



*The structure constants are generated by some matrix 



representation, t" via [t°, i''] = 
are such that Tri^t^) = 25°^ 



.^a(,c^c ^g suppose the t^'s 



It is straightforward to show that there are regions 
of parameter space where (|3.2| ) implies a restoration of 
symmetry, i.e. the RG flows onto a ray described by 
9a — 9, Va. We clearly see that the ray itself is an RG 
invariant. Setting g = ga on the r.h.s. of (p^), we have 



dga 
dl 



f^Uabc) 



(3.4) 



where c„ is the quadratic casimir of the adjoint repre- 
sentation for the group G. The question then becomes 
whether the ray actually attracts the flow. 

To answer this we perform a linear stability analysis. 
Writing 



9a ^9 + 5ga: 



(3.5) 



we obtain RG equations for 5ga'- 

ddga 

= -9 

be 



dl 



9^ifabc)'^{Sgb + Sgc) 

be 

"^g^ifabcfSgt. 



(3.6) 



Thus all we need to do is find the eigenval- 
ues/eigenvectors of the above equation. We see that the 
eigenvector 6ga = 1 (i.e. directed along the isotropic ray) 
has an eigenvalue, A = —2gcy. If g < 0, we claim that it 
is the largest positive eigenvalue. To see this let 



V = (ai 



1 O^n): 



(3.7) 



be an eigenvector of ( p^ ) with eigenvalue, A„, where the 
couplings ai are chosen without loss of generality such 
that 1 > |ai| > \a2\ > ■ ■ ■ > |a„|. Then the eigenvalue 
Xv is constrained by 



|A,ai| = |2.g^(/i,,)^ 



ab\ 



be 



< 



< 



\2g\Y,{hbcr\ab\ 

be 

\2g\Y.ihber\a^\ 



be 



|2g||ai|c„. 



(3.8) 



Thus A^ < 2|g|c^, and the isotropic ray is the most rele- 
vant direction. 

Although we have established that the most relevant 
RG direction for 5 < is the isotropic ray, we have not 
dealt with the existence of other less (but still) relevant 
directions in the RG, i.e. beyond —2gCy there are still a 
set of positive eigenvalues to the linear analysis of ([3.(j). 
Unlike the eigenvalue corresponding to the isotropic ray, 
these eigenvalues are non-universal in the sense that they 
depend upon the particular form of the structure con- 
stants. Nevertheless it is instructive to compute the value 
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of the next largest eigenvalue for the various groups. "' 
The results are in the table below: 



G 


7 = A/|2.gc,| 


SO{N > 5) 


(7V-4)/(2iV-4) 


SU{N > 3) 


1/2 


Sp{2N) 


(2 + iV)/(2 + 2iV) 



Here the second column gives the ratio of the next largest 
eigenvalue to that of the largest, 2|(7|c^, for all the non- 
exceptional groups. Although these ratios are not uni- 
versal, it is worthwhile to note that none are close to one 
and so no other ray approaches the isotropic direction in 
importance. 

As discussed by |12[ in the context of a current-current 
perturbation of an SO (8) level 1 WZW model, i.e. an 
anisotropic S0(8) Gross-Neveu model, the presence of 
these less relevant directions does not destroy the sym- 
metry restoration. Rather it introduces corrections to 
the theory that behave as the power 1 — 7 of the bare 
coupling. As 7 is not close to unity, small bare couplings 
induce small corrections. We, following |1J], can make 
this statement precise. 

Let gi be the coupling along the isotropic ray and let 
gii be the coupling along the next most relevant direction 
breaking the symmetry. We determine the /3-functions of 
these couplings from the /3-functions of the linear stabil- 
ity analysis: 



-9I1 



dgi 

dl 

dgb ^ _, 

-^ = -75*56; 7 < 1, 



(3.9) 



where 7 is given in the above table. Integrating these 
equations we find 



.(0 = 



.9.(0) 



1 + 5.(0)/ 



^^^To compute the relevant structure constants for the vari- 
ous groups, we employ the following conventions for the gen- 
erators, i". Define a set N x N matrices, e^, such that 
{^pq)ij — SipSjq. For the SO(N) series, we take the generators 
to be of the form (ie^ — ie^), p < q, for a total of A''(A'^ — 1)/2 
generators. For the SU(N) series we choose the generators to 



be of the form, bp 
p < q, and h„^m 



Km < N 



1^00 i ^ 






((m + m^)/2)-i/2(E7^,, 



_ 1 for a total of A'^ — 1 generators. And finally 

for the SP(2n) series, the generators have the form ( „t^ --^t) 

2 ~ 1 
with Xi being NxN matrices, Xi hermitian, and X2 symmet- 
ric. As such A'^^ SP(2n) generators can be obtained by choos- 
ing X2 = and Xi to be bpq/\^, Cpq/\/2, or e^, 1 < p < N. 
We obtain another N{N — 1) generators by choosing Xi — 
and X2 = (e^, + e^p)/V2 or X2 = i(e^, + 6^^)772, p < q. 
The final 2N SP(2N) generators are arrived at via Xi = and 

Y _ N ■ N 

y\2 — "pp or IGpp. 



9b[l) 



.96(0) 



(1 + 5.(0)0^' 



(3.10) 



where g{Q) marks out the bare value of the couplings. 

In order to ascertain the effect of gb on the symmetry 
restoration, we consider its effect on the gaps/masses of 
the model. To determine the gaps we use the relation 
relating the bare/physical gaps to the renormalized gaps: 



A(5,(0),gb(0)) 



'A(5.(0,56(0)- 



(3.11) 



Typically the above equation is evaluated ail — l^ where 
Ic, the cutoff scale, is determined by gi{lc) = 1, the point 
where the 1-loop RG breaks down. From (3.1C), Ic is 
given by 



Ir 



1 



5.(0) 



1. 



(3.12) 



To determine the effect of g^ on the gaps we consider the 
ratio of two gaps: 



Ai(g.(0),gb(0)) _ Ai(l,gfc(/e)) 
A2(g.(0),.gb(0)) A2(l,g,(y)- 



(3.13) 



As Ai(l, 0) ~ A2(l, 0) by the underlying symmetry, this 
ratio reduces to 



Ai(5.(0),5fc(0)) 
A2(s,(0),gfc(0)) 



l + cgb(/c). 



(3.14) 



where c is some number. Using ( 3.10| ) and ( 3.12| ) we then 
have 



Ai(ff,(0),gb(0)) 
A2(5.(0),56(0)) 



l + cgb(0)g,(0)- 



(3.15) 



Then as gi^gb -^ 0, the symmetry restoration becomes 
exact. With small but finite couplings the ratio of two 
gaps is 1 -I- {U /tY~^ , where U is the typical bare coupling 
strength and t is the bandwidth. 



Thus we have established that the /3-functions of (3.1) 
indicate a symmetry restoration in a portion of weak cou- 
pling parameter space. However this symmetry restora- 
tion might in general be much wider. In the work of [y, 
where the previously mentioned example of a restoration 
to an 5*0(8) symmetry in the context of two-leg Hubbard 
ladders was studied in great detail, it was found that the 
entire parameter space at weak coupling saw a restoration 
of symmetry. They found additional rays characterized 
by I gal — g but with sign variations among the ga- These 
additional rays marked out different phases of the Hub- 
bard ladders. Included among the phases were a D-Mott 
phase, a phase characterized by an interaction induced 
charge gap with D-wave symmetry, an S-Mott phase, a 
CDW phase, and a spin-Peierls phase. Presumably such 
additional rays are present generically, but lacking phys- 
ical motivation, we do not search for them here. 



Having established the /3-functions in (3.2) imply a 
restoration of symmetry, we ask if this RG-induced 
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restoration is actually realized. Although it is impossible 
to answer this definitively, we can examine this question 
in the light of the caveats concerning symmetry restora- 
tion through an RG. The first of these concerned the 
presence of an RG invariant that controls the physics. 
As the RG flow leaves the invariant unchanged, we can- 
not expect the physics along the flow to become more 
isotropic. However we conjecture that the presence of 
this physics-controlling RG invariant is related to the 
presence of an additional symmetry in the theory. In the 
case of the U(l) Thirring model, we found that the RG 
invariant, ^, which governed the physics, parameterized 
the deformed quantum group symmetry, sl{2) . In the 
U(l) Thirring case, this quantum group symmetry arose 
as a deformation of an sl(2) Yangian symmetry present in 
the isotropic theory. However the U(l) Thirring model is 
somewhat unique in this regard. The isotropic current- 
current perturbations of level 1 WZW models all possess 
similar Yangians. But there is no sensible way in which 
they can be deformed. There do exist generalizations of 
the U(l) Thirring model which are characterized by de- 
formed quantum group symmetries |13| . However these 
models correspond to imaginary coupling Toda theories 
and on the face of it are not even hermitian. Thus for 
symmetries larger than SU(2), we do not expect to be 
faced with this particular problem. Of course, it is con- 
ceivable that other hidden symmetries lurk in these mod- 
els. 

We must also be aware of the possibility that the IR 
fixed point to which the RG flows is not so much a point 
but a ray, that is, there exists a marginal operator at the 
fixed point such as in the deformed 0(3) sigma model 
with topological angle 9 = n. This is obviously not a 
concern when the fixed point is massive and so is un- 
likely to be relevant in the cases of bulk current-current 
perturbations of WZW models. 



B. SU{2)k Overscreened Kondo Problems 

In this subsection we consider a set of overscreened 
SU{2), k-channcl Kondo models. Such models arise when 
k channels of spin- 1/2 fcrmions are coupled to an impu- 
rity spin, s"-, of magnitude, s < k/2. These theories can 
be represented jlj] as boundary perturbations of a chiral 
SU{2)k WZW model (with Hamiltonian H^^w)'- 



H 



^WZW 



E 9aJl{0)-s" 



(3.16) 



a^x,y,z 



As usual we have represented these Kondo problems in 
their unfolded realization: only one chiral {L-) compo- 
nent of the local spin density of the bulk theory, J^ (0) , 
couples to the impurity spin, s". 

In the following we restrict our discussion of these 
anisotropic models to an s = 1/2 impurity spin. In- 
deed, in this case these models share the same 1-loop 
beta functions as the current-current perturbations of 



bulk WZW models, considered in the previous subsec- 
tion. Therefore, the overscreened Kondo models also 
share the same putative RG-induced symmetry restora- 
tion with the current-current perturbations. The ques- 
tion then becomes whether this symmetry restoration 
suggested by the 1-loop RG equations is genuine. 

The answer to this question is affirmative: this follows 
from the analysis of the isotropic overscreened strong 
coupling fixed point, done in |15|, where the latter was 
found to be stable with respect to small spin-exchange 
anisotropic perturbations W . In other words, isotropy in 



the spin-exchange couplings is restored, and the conclu- 
sions obtained from the 1-loop RG analysis can indeed 
be trusted. 

When the number of channels is large, k >> s = 1/2, 
this can be easily understood on the basis of the 2-loop 
RG equation for the isotropic model (i.e. g = go), which 
has the form ||l|,|l§| 



dg_ 

dl 



rvCy 



"Y^ 



-9 



(3.17) 



where here Cy, the casimir of the adjoint representation, 
is 2. We see that the number, k, of channels appears in 
the two-loop term. This two loop /3-function thus implies 
a fixed point at g* ~ i. For large k this fixed point 
appears at small coupling, in the range of validity of the 
perturbative RG. Moreover it is known [|l4|,|6| that higher 
loop terms do not destroy this fixed point provided k 
is taken to be large compared to 3/4, the value of the 
quadratic casimir of the representation of spin-1/2. 

To exploit this behaviour in the isotropic /3-function, 
we suppose that the initial bare anisotropic couplings are 
much smaller than the isotropic fixed point at C(t)- In 
this regime the 1-loop term in the /3-function controls 
the flow and symmetry is thus restored. The theory will 
then proceed to the isotropic fixed point, undisturbed by 
higher loop terms, as in the purely isotropic case. 

We would like to stress that these issues of symmetry 
restoration become more involved for the RG flows in the 
overscreened multi-channel Kondo models with impurity 
spin s > 1/2. In all those cases (except when k/2 ~ 
(s — 1/2) or fc < 4), the isotropic overscreened strong 
coupling fixed was found unstable to small anisotropics 
in the spin-exchange couplings ||l^. At first sight the 
anisotropic 1-loop RG equations appear to be the same 
as in the case of impurity, spin s = 1/2. Thus as these 
predict symmetry restoration, one may then be tempted 
to conclude that the 1-loop RG in this case is unreliable. 

However, a careful look at the 1-loop RG with ex- 
change anisotropic couplings reveals that new terms of 
zero dimension in the Hamiltonian of the form, 



haS^S" 



(3.18) 



"***Recall that we are discussing the case of an s = 1/2 im- 
purity spin. 
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will be generated. (Note that for spin, s = 1/2, such 
terms are proportional to the identity and so serve to 
only renormalize the impurity free energy.) Since these 
terms are highly relevant, they have a profound effect on 
the RG flows, which are therefore very different from the 
case of impurity spin, s = 1/2. Indeed, in the large-fc 
limit it is those dimension zero (bare) operators which 
renormalize into the relevant symmetry breaking pertur- 
bation of scaling dimension, A — 6/(2 + fc) -^ 0, found 

inra. 



IV. SYMMETRY RESTORATION IN A BROKEN 
U(l) THIRRING MODEL 

In the previous sections, we have argued that while the 
U(l) Thirring model sees symmetry restoration as more 
broadly understood in the course of taking the scaling 
limit, it does not experience an RG- induced restoration 
of symmetry. This occurs in the C/(l) Thirring model 
because physical quantities depend upon the RG invari- 
ant, /i. The quantity /i is a reflection of the quantum 
group symmetry sl(2) present in U(l) Thirring, and it 
is natural to determine the consequences of breaking this 
symmetry. This does not necessarily mean that in break- 
ing the symmetry, we exclude the possibility of a /i-like 
parameter, /i is an RG invariant. In breaking the sym- 
metry, one does not eliminate all RG invariants. One 
merely alters their form. Indeed as RG trajectories are 
lines, they can generally be parametrized by quantities 
that will be constant along the RG flow, say the intercept 
with one of the hyper-planes in the RG space. What is 
not clear is to what extent the physical properties are 
going to depend on that parameter. In breaking the 
symmetry, we will in general lose any known means to 
connect the unchanging physical properties with the RG 
invariant. It is akin to finding accidental degeneracies in 
QM. Such accidental degeneracies are almost always re- 
lated to hidden symmetries. With no symmetries, there 
are no such degeneracies. It is thus tempting to propose 
that with no symmetries around to be associated with 
the RG invariants, these invariants cannot, in general, 
govern the physics, and therefore that an RG- induced 
symmetry restoration should generally occur. 

A simple example where this idea can be investigated 
is a broken U(l) Thirring model. We thus consider what 
we call the g^^j^-Thirring model: 



1 



1 



£ = iVaT^^'^V'a + ^311 (j.) + ■^g±{{:ix) + iJy)) 

1 

+ '79xyJxJy 

The one loop RG equations for this model are 



(4.1) 



dg\\ 

dl 
dgj_ 

dl 



= -9l 



9^. 
2 ' 



dgxy _ gxyg\\ 

dl ^ 2 ' 



(4.2) 



Recalling that /i^ = g'u — g'j_, we see that the gxy- 
perturbation causes /i^ to flow: 



dfj^ 

~dr 



g\\gly 



(4.3) 



In the AF region, ^n is negative and so /j,^ decreases under 
the RG. However, as gxy is (marginally) irrelevant in the 
AF region, we do not necessarily expect a full restoration 
of the SU(2) symmetry: as gxy goes to zero, /i^ will stop 
flowing. 

In region C, /i^ is negative while g\\ is either positive or 
negative. Thus depending on the bare value of gn , /i^ ei- 
ther increases or decreases in magnitude. However again 
/i~ will not change without bound as gy eventually flows 
to negative values. Moreover a change of ^^ in region C 
corrects the physics only minimally due to the exponen- 
tially small dependence of physical quantities upon /i in 
this region. 

Thus it would seem that in breaking sZ(2) , there is an 
RG-induced symmetry restoration in the model where 
there was none before. However we offer a cautionary 
tale on the interpretation of the above analysis. We now 
choose to modify the U(l) Thirring model by instead 
introducing separate couplings for j"^ and j^: 

C = ii^o.lud^'^o. + \9\\ {jzf + \gxijx? + J9yijy?- (4.4) 

In this XYZ-Thirring model, the one loop RG equations 
become 



dg\\ 

dl 
dgx 

dl 
dgy 

dl 



= -9x9y] 

= -9y9\\ ; 



(4.5) 



Unlike (4.1), this model is known to be solvable by Bethe 
ansatz. The results are similar to those of the U{1) 
Thirring model, trigonometric functions being replaced 
by elliptic functions. Following [|l^ and [Q, one finds 
for instance the dispersion relations 



eo/Po(A) 



A, 



tan 



tan 



cn(/-f,fc) 
sn(/-^,^) 

cn(/-K^,fc) ' 
sn(/ 



± 



^,~k) 



(4.6) 



= -.9-L.9II ; 



Here cn^ sn and dn are the usual elliptic functions. The 
parameter / is defined by / = ^K'(k), where in turn 

the dual modulus k is defined by K'{k)K'{k) = fj,K{k) 
with k being the original modulus. The key parameters 
/U, fc, and / are obtained in terms of the bare coupling 
constants as 
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fcsn (/i, k) — tan 



9x- gy 



tan 



cn(/x, /c)dn(/i, A:) 

sn(i/, fc) 
sn(/i - «/, fc) 



cos (7|| 



cos(^2^ cos(^42a 



9ic+gy 



ffx-ga 



(4.7) 



Both ^ and fc are RG invariants, as readily can be 
checked. All physical quantities are determined in terms 
of these parameters and so in the XYZ-Thirring model 
there is no RG induced symmetry restoration. 

The absence of symmetry restoration does not neces- 
sarily contradict our notions on accidental degeneracies. 
Here we have not actually broken the sl{2) symmetry. 
Rather we have only deformed it into its elliptical cousin 
| fi9| . Unfortunately, it is easily possible to convince one- 
self otherwise. Defining 5g± = Qx ~ dy ^ 9xT9y and 
dT' ~ hidx ~^ 9y)i the former as a measure of how broken 
the U(l) symmetry is, we find the following RG equa- 
tions: 



d5gA_ 

dl 

dgi 

dl 

dgT_ 

dl 



9\\Sg±] 
1 



ASg_ 



±) 



-g\\gT- 



(gT 



av\2. 



(4.8) 



In region AF we have gy < 0. If we did not know the 
model was integrable, it would be natural to define the 
analog to /i in the broken C/(l) case to be 



2 2 / av\2 



We then see 






n 



{5gi_f 



(4.9) 



(4.10) 



Hence under the RG, /i^ decreases. Thus it would seem 
that in breaking the f7(l), an additional increase in sym- 
metry is achieved. However this does not mean the full 
SU(2) symmetry is restored, as with g\\ < 0, we see the 
quantity driving the flow of /^, Sg±, is itself in fact ir- 
relevant. Thus we have a conclusion similar in spirit to 
the ga;y-Thirring model. In region C, we again see sim- 
ilarities between the XYZ and g^jy-Thirring models. In 
this region, ^^ is negative while g\\ is either positive or 
negative. So again ^P will cither increase or decrease, 
but not without bound. And the apparent physical con- 
sequence of this is minimal given the exponentially small 
dependence of physical quantities up on fi. 

Thus given our definition of fi (4.9), we see a putative 
partial restoration of symmetry under the RG. But as we 
know from the exact solution this does not actually oc- 
cur. It is merely an artifact of our definition of /x. Thus 
in saying a (partial) RG-induced symmetry restoration 



occurs in the 5j;y-Thirring model, we are implicitly sup- 
posing that this XYZ-Thirring scenario is not applicable. 
In particular, we are supposing that the (7a;j,-perturbation 

has genuinely broken the sl{2) symmetry and not merely 
deformed it, thus forbidding an exact solution. 

Although there is no RG-induced symmetry restora- 
tion of t he XYZ- Thirring model, the above 1-loop RG 
analysis (4.8- 4.10| ) is reflected in the exact solution. At 
weak coupling appropriate to the 1-loop analysis, one 
must take the modulus, fc, of the elliptic fmictions in the 



relations (4.7) to zero, leaving 



cos/x : 



C0s25r|| 



cos{gx - gy) cos.{gx + gy)' 



(4.11) 



For a fixed g™, increasing the measure of the C/(l) break- 
ing, 5g±^ leads to smaller values of /i, confirming the one 
loop RG results. 

The 1-loop RG is also reflected in a more elemental 
analysis of the XYZ problem. For simplicity consider an 
XYZ Kondo model instead, with couplings gx, gy, and gu . 
After bosonization, and forgetting inessential constant 
factors, the Hamiltonian reads 



H = Ho + {gx + gy) 



j + giV870(O) _(_ g-g-iV870(O) 



+ {gx-gy) s+e-^^^-^W + s-e^^^-^W +g\\dx<t>- (4.12) 

Suppose we now perform the canonical transformation, 
U , again (see text before (7)). This time, the vertex op- 
erators involved in the second part of the Hamiltonian 
(that break the t/(l) symmetry) see their dimension in- 
creased: they thus become irrelevant, and disappear in 
the scaling limit. Thus the 1-loop RG seems to correctly 
predict that the symmetry breaking term, gx ^ gy, van- 
ishes in the low energy limit. Of course, bosonization 
combined with a canonical transformation gives similar 
results for the XYZ Thirring model. 



V. CONCLUSION 

This article has two overarching themes, both intercon- 
nected through the scaling limit. Firstly, we expanded 
the notion of symmetry restoration to include all situa- 
tions in which the physical properties of a model have a 
weak dependence upon an anisotropy. When this defini- 
tion was combined with constraints coming from taking a 
scaling limit, wc found (as discussed in Section II) that a 
wide variety of models in fact see symmetry restoration. 
Secondly, we observed that the scaling limit in general 
restricts the range of bare parameters to be small. We 
then exploited this fact in Section III to argue that a 
1-loop RG should accurately describe the physics. 

Perhaps an underemphasized result of this work is that 
the trustworthiness of the 1-loop RG has been previ- 
ously underestimated. Even in cases where it seemed to 
promise symmetry restoration which in fact did not occur 
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(the U(l) Thirring model), the fault lay not in the 1-loop 
RG but in its interpretation. Indeed the 1-loop RG of the 
U(l) Thirring model correctly predicts the parameter fi 
to be an RG- invariant. The problem, in contrast, was in 
assuming that the physics will be governed by a ratio of 
couplings, g\\/g±, and not fi. When the 1-loop RG does 
indeed fail, for example in the 0(3) sigma model with 
9 = TT, the reason is readily apparent: the topological 
term is manifestly non-perturbative. 

On a finishing note, the reader should certainly not 
be left with the impression that symmetry restoration 
always occurs in all possible models. There are many 
situations where it does not. In many cases this is again 
faithfully represented by the one loop RG. 

Indeed, in all the examples discussed in the bulk of 
the paper, the IR strong coupling fixed point was "truly 
isotropic", in the sense that it was /^-independent. This 
is trivial for the massive cases where there are no leftover 
massless degrees of freedom in the IR; this is also true 
for the spin 1/2, 1-channel Kondo problem where the 
impurity spin is entirely screened by the conduction elec- 
trons. In the latter case the isotropy of the fixed point 
manifests itself technically in the independence of the 
impurity scattering (reflection) matrix upon /i. The op- 
erators determining the approach to the fixed point have 
/i-independent dimensions, and it is only their respective 
amplitudes that depend upon the anisotropy. 

As an obvious candidate lacking symmetry restora- 
tion according to either definition, consider the channel- 
anisotropic multichannel Kondo problem with impurity 
spin, s = 1/2. This model possesses an anisotropic 
(massless) IR fixed point. Here we find the exact op- 
posite to what we have seen so far; that is, instead of a 
symmetry restoration, there is an enhancement in asym- 
metry. The corresponding Hamiltonian is given by: 



H = Hn 



E 



/ 



a.b— 1,2 771—1 



Jm (*I^,„CTah*6,m)(0) • S. (5.1) 



Here a, b is the spin index, and m the channel index. 
Ho = -iY.a,m I d'^'^l.,niix)(^x'^a,m{x) dcscribcs non- 
interacting partial- wave electrons. 

Consider the simplest case with f — 2 channels (gen- 
eralizations to more channels, / > 2, are straightfor- 
ward with the same conclusions). The physics of the 
channel- anisotropic case is simple flffl (see also [15[): the 
more strongly coupled channel undergoes an ordinary (1- 
channel) Kondo effect, screening the spin- 1/2 impurity, 
whereas the more weakly coupled channel decouples from 
the impurity. Thus, the IR behavior of the channel- 
anisotropic case is completely different from the (over- 
screened) channel-isotropic situation. Clearly, channel- 
isotropy is not restored, according to either definition (1 
or 2 of the introduction). 

This feature is easily seen in the one loop RG equa- 
tions, which read in this case, 

dJi _ r< r2. 



dJ2 

~dr 

Thus the ratio A=y' obeys 



-CJn^ 



^ = C.hAil^A), 
dl 



(5.2) 



and so grows under the RG. Observe also that at 
the channel-isotropic low energy fixed point (the non 
Fermi liquid Kondo fixed point) channel anisotropy is 
strongly relevant [p5| . There are also known cases where 
the anisotropy is exactly marginal, i.e. a finite bare 
anisotropy leads to a finite anisotropy in the scaling limit 

^- ^ 

The channel anisotropic model is also integrable pO[ , 

allowing us to relate to our discussion of the scaling 
limit. In the simplest case of two channels, / = 2, the 
Bethe ansatz solution leads to expressions for the two 
characteristic energy scales in the problem: T^ = De~ , 
Ta = Dcos (^f ) e~^ (Ji < J2), where D is the band- 
width that has to be taken to infinity in the scaling limit. 
The ratio A = -j?- is the physical measure of anisotropy, 
the channel isotropic case corresponding to A = 0. 

The scaling limit is obtained by letting D —^ 00, 
Ji -^ 0. One checks then that keeping a ratio y- finite, 
i.e. a finite bare channel anisotropy, leads to A = 00, i.e. 
an infinite channel anisotropy in the scaling limit. The 
only way to have a finite anisotropy in the scaling limit is 
to start with an infinitesimally small bare anisotropy, ex- 
plicitly setting Ji « in(2r/7re) ' "^2 = Ji/(1 " e), as e ^ 0. 
The situation is thus the exact opposite of what we ob- 
served for the spin anisotropy: a finite channel anisotropy 
in the continuum limit requires an infinitesimally small 
bare channel anisotropy! 

Another example of an anisotropic (massless) IR fixed 
point is the spin s = 1, 1-channel Kondo problem. The 
general s > 1/2, k = 1 Kondo problem is described by 
the Hamiltonian ( p.l| ). Consider first the regime where 
5|| > 5j_ > 0. Performing the same canonical transforma- 
tion as in Section II. A leads to a Hamiltonian as in (^.2|). 
This model is integrable if the impurity spin transforms in 
a spin s representation of sZ(2L, q « —e~^^9\\ (^ quantum 
deformed version of SU{2)) p3]. For s — 1/2 or s = 1 an 
ordinary spin can be used, and no quantum deformation 
is necessary. The resulting IR fixed point can be studied 
exactly. For s = 1 it is found to consist of a left-over 
conserved spin s' = 1/2. The spin's z— component in- 
duces on the electron degrees of freedom a phase shift 
depending weakly upon the original anisotropy. This is 
the usual anisotropic ferromagnetic Kondo effect, repre- 
senting a 'line of anisotropic fixed points' continuously 
deformable into the isotropic one. Physical quantities at 
the fixed point, such as the cross section for electron scat- 
tering of spin up or down, do depend upon the anisotropy, 
and so do the operators governing the approach to the 
fixed point. However all these dependencies upon the 
anisotropy are weak (continuous), and therefore we find 



19 



symmetry restoration in the expanded sense of definition 
2. 

When the size of the sl{2)q impurity is s > 1, the left 
over impurity spin obeys sl{2)qr commutation relations, 
with q' fn q for small anisotropies, and the same conclu- 
sions hold as for the s — I result. 

The above nature of the flow can also be understood on 
the basis of the weak coupling RG. Consider spin s = 1. 
As discussed earlier, a highly relevant zero dimensional 
operator, hs^s'^, as in 3.18 will be generated. When the 
renormalized coupling h reaches a magnitude of order 
unity, spin flip processes stop, and so does the RG flow. 
For an anisotropy, /i^ = ffif ~ ffl > Oi ^s above, the 
induced coupling h is negative, and hence the impurity 
spin can be only in two states, s^ = ±1, at those scales. 
At the same time, the residual renormalized coupling, 
gu , amounts to a phase shift on the electrons, as in the 
integrable formalism. As /i^ — > 0, the phase shift becomes 
7r/2, appropriate for the underscreened isotropic IR fixed 
point. 

In summary, the region, ^^ = 9\\ ~ 9a_ ^ Oi of the 
s = 1 Kondo model fiows into the ferromagnetic region 
of the s = 1/2 Kondo problem. This flow can be repre- 
sented through Figure 4. Although Figure 4 is sketched 
for the conventions of the U(l) Thirring model, by taking 
.9|| ^ ^9\\ it can be understood as that of the s ~ 1/2 
Kondo model. Then the s = 1, /x^ > 0, Kondo model 
fiows into region W of Figure 4. Region AF is the usual 
anti-ferromagnetic Kondo regime. Moreover, the bound- 
ary between regions C and W describes the isotropic un- 
derscreened fiow of the s = \ Kondo model. 

There are however potential subtleties when ji^ < 0. 
A weak coupling analysis including the zero dimensional 
operators as above indicates that the region, ^^ = g?. — 

g\ < 0, of the s = I Kondo model flows into region C of 
Figure 4. This is so since the induced coupling constant 
h is positive, freezing the impurity spin into the single 
state, s^ — 0. Hence, the ultimate IR fixed point in this 
region would consist of a completely eliminated impurity 
spin and no phase shift for any non-vanishing amount 
of anisotropy, in contrast to the underscreened isotropic 
fixed point with phase shift, tt/2. Note that this lack 
of symmetry restoration is already visible in the weak 
coupling RG. This situation requires further study. 

Another example that would be interesting to study 
in more detail is the sausage model at 9 = n. In that 
case, it is expected by analogy with the usual 0(3) model 
that the theory flows to a non trivial fixed point at fi- 
nite distance that is not accessible perturbatively and 
is described by a compactified free boson with radius 
-R ~ 1 + 57 [|lOi ■ No simple bare equivalent of this model 
is known, and it is not clear that symmetry restoration 
in its expanded sense does occur: however, formal regu- 
larizations based on the Bethe ansatz equations certainly 
show a behaviour in all points identical with the previous 
cases. 
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